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01 Background

With the development of integrated circuit processes, the Read ;he netlist and establish
device feature size decreases rapidly, the circuit size fhe cireult equation
grows, and the post-layout SPICE simulation considering
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01 Background

With the development of integrated circuit processes, the
device feature size decreases rapidly, the circuit size
grows, and the post-layout SPICE simulation considering
parasitic effects is significantly time consuming.
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Sparse LU factorization
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Triangle solution
(Ly=b, Ux=y)

[1] Tien-Hsiung Weng, Ruey-Kuen Perng, Barbara Chapman. OpenMP implementation of SPICE3 circuit simulator. International journal of parallel programming. 2007.

L




01 Background

The sparse LU factorization is that factorize the square matrix A into the
product of the sparse lower triangular matrix L and the upper
triangular matrix U.

Sparse LU factorization process

zero elements).

Process.

The matrix 1s sparse (there are a large number of

Non-zero elements will be added during the solution

preprocessing Reduce fill-ins.
ah s 0 Ui
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- - 0 Uss Uss Symbolic locations of these
] . o [ [ 1 0 4., L fill-in elements.
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| numerical results
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The sparse LU factorization is that factorize the square matrix A into the

Sparse LU factorization process
product of the sparse lower triangular matrix L and the upper P P

triangular matrix U.
preprocessing Reduce fill-ins.
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01 Background

MUMPS is a solver for solving large sparse linear systems using the multifrontal method. MUMPS exploits dense
submatrices in matrices and invokes a Level-3 BLAS to achieve LU factorization accelerationl!!:
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L ] . . o b e Figure 3: Assembly graph DI = (A, M, FI) for matrix A in Equation 6 Figure 4: Assembly graph DE = (AB], GBI FBI) for matrix A in Equation 6
Figure 2: Assembly graph DE = (AL, GBI FB) for matrix A in Equation 6 ! !

[1] Patrick Amestoy, lain Duff, Jean-Yves L’Excellent. Multifrontal parallel distributed symmetric and unsymmetric solvers. Computer methods in applied mechanics and engineering. 2000.
[2] [ain Duff and John Reid. The multifrontal solution of indefinite sparse symmetric linear. TOMS '83.




01 Background

SuperLU is a solver that introduces a supernode strategy into the LU factorization of unsymmetric matrices, further
utilizes a Level-3 BLAS, and solves using a right-looking algorithm(1[213],
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[1] Piyush Sao, Xiaoye Li, Richard Vuduc. A communication-avoiding 3D algorithm for sparse LU factorization on heterogeneous systems. Journal of parallel and distributed computing. 2019.
[2] Ichitaro Yamazaki, Xiaoye Li. New scheduling strategies and hybrid programming for a parallel right-looking sparse LU factorization algorithm on multicore cluster systems. ISPA '12.
[3] Xiaoye Li, James Demmel. SuperLU DIST: A scalable distributed-memory sparse direct solver for unsymmetric linear systems. TOMS '03.




01 Background

NICSLU is a solver that uses a division of Level-sets, incorporates supernodes, and uses parallel/serial algorithms to achieve
acceleration in the numeric factorization phase based on matrix properties predictionst[2],
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The overall flow of the proposed adaptive solver An example to illustrate ETree, level, and EScheduler.

[1] Xiaoming Chen, Yu Wang, Huazhong Yang. An adaptive LU factorization algorithm for parallel circuit simulation. ASP-DAC '12.
[2] Xiaoming Chen, Yu Wang and Huazhong Yang. NICSLU: an adaptive sparse matrix solver for parallel circuit simulation. IEEE transactions on computer-aided design of integrated circuits and
systems. 2013.
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02 Motivation

The numeric factorization in supernodal LU factorization follows four steps, where K signifies the K-th iteration and N
denotes the number of matrix blocks on the diagonal.

N Factorized matrix U
A B Factorized matrix L

— K-th iteration s

B Tailing sub-matrix

(\| Diagnal block matrix|

» Factorize the diagonal block;
* Factorize the sub-matrices in L panel: L(K : N, K);
* Factorize the sub-matrices in U panel: U(K, K +1 : N);

 Perform the Schur-complement for all the tailing sub-matrices by using A = A—LXU.




02 Motivation

The numeric factorization in supernodal LU factorization follows four steps, where K signifies the K-th iteration and N
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02 Motivation

GEMM takes up much of the time for numeric factoriztaion.
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The time proportion of GEMM in numeric factorization.

We tested some circuit matrices.
such as the G3 circuit matrix in
the figure, which accounts for
as much as 73.4% of the time,
and most of the other matrices
tend to account for 40%-60%
of the GEMM time.
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GEMM takes up much of the time for numeric factoriztaion.
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02 Motivation
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Supernodal LU factorization will divide the sparse matrix into supernodes.
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(a) Original supernodes (b) Supernodes after merging
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02 Motivation
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Supernodal LU factorization will divide the sparse matrix into supernodes.
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It may have some sparsity, and GEMM
operations will add unnecessary
operations.
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(a) Original supernodes (b) Supernodes after merging




02 Motivation
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In circuit simulation, the matrix usually has the TIETRET] oo
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. . i"‘j' il “ “%\ { :ol75 N —0s me IR —0s
following properties: R o R ) L g s |
(a) ASIC_ 320k (b) memchip (c) Freescalel
(1) Circuit matrices are usually unsymmetric. e o L
(2) Circuit matrices may have some dense rows e oas 200 i oz PR 025
and columns (e.g., power supplies are usually AN N L N Fr
, (d) circuitsM_de " (€) G2_circuit " () transient
connected to a larger number of devices).
Circuit sparse matrix analysis
(3) Circuit matrices are often very sparse and the
| | Entries per row
distribution of non-zero elements is extremely Circuit Mawrix |- N ' max | min | average | variation | SYmmetry
ASIC_320k 321,821 203,800 1 8.2 502.95 100.00%
irregular. memchip 2,707,524 27 2 5.5 2.06 0.32%
Freescalel 3,428,755 27 1 5.5 2.07 7.67%
circuitSM 3,523,317 27 1 10.7 1356.61 55.99%
G2_circuit 150,102 4 1 2.9 0.52 0.0005%
transient 178,866 60423 1 54 147.2 68.99%
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numeric factorization. o | Entries per row
distributi® , Circuit Matrix | N || max | min | average | variation Symmetry
ASIC_320k | 321,821 || 203,800 1 8.2 502.95 | 100.00%
irregular. memchip 2,707,524 27 2 5.5 2.06 0.32%
Freescalel 3,428,755 27 1 5.5 2.07 7.67%
circuit5M 3,523,317 27 1 10.7 1356.61 | 55.99%
G2_circuit 150,102 4 1 2.9 0.52 0.0005%
transient 178,866 || 60423 1 5.4 147.2 68.99%
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02 Motivation

We have selected three representative circuit matrices and can see that the matrix factors (L and U blocks)
involved in GEMM are generally sparse.
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(b) C|rCU|t5M dc L
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0.75 0.75
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0.25 0.25/
(11— | 0.00L:

0 5 10 15

lg(m*k*n)
(d) transient_ U (e) circuit5M _dc U (f) ASIC 320k U

Density distribution of matrix factors (L and U blocks) participating in GEMM.




02 Motivation

We have selected three representative circuit matrices and can see that the matrix factors (L and U blocks)
involved in GEMM are generally sparse.
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Density distribution percentage of matrix factors (L and U blocks) participating in GEMM.




02 Motivation

We have selected three representative circuit matrices and can see that the matrix factors (L and U blocks)
involved in GEMM are generally sparse.
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great potential for further accelerating
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W lperier ol

u
(]

N
(@]

N
o

Percentage (%)

=
o

(@)

0
\,(3\ o\ Q\ (3\ 0\ 60\ ,\Q\ %()\ Q) 00\ A A 2Q0) Q) Q) 60\ ,\ % Q) 00\ g\ 0\ Q) 1) O 60\ ,\0\ %o\ Q) 0()\
SRS A O R0 0 6)\‘>° @ \1° 0> N SCIR AR A
Density (%) Density (%) Density (%)
(a) transient (b) circuit5M_dc (c) ASIC_320k

Density distribution percentage of matrix factors (L and U blocks) participating in GEMM.




03 Density-aware matrix multiplication

We analyze three cases for computing matrix multiplication time: using
GEMM, using SpMM, and using the oracle combination of GEMM and
SpMM in the supernodal LU factorization.

Circuit matrix nnz (A) GEMM (s) SpMM (s) Oracle (s) |Speedupl] [Speedup2
ASIC_320k 1,931,828 3.5809 0.4543 0.3653 9.80x 1.24x
Freescalel 17,052,626 8.8363 35.9429 8.5388 1.03x 4.21x
ckt11752_dc_1 333,029 0.0279 0.0433 0.0225 1.24x 1.92x
pre2 5,834,044 57.2954 10.9046 7.2531 7.90x 1.50x
meg4 58,142 0.0037 0.0027 0.0022 1.68x 1.23x
G2_circuit 726,674 7.1145 26.0853 6.1415 1.16x 4.25x
Freescale2 14,313,235 2.3253 3.8100 1.9497 1.19x 1.95x
FullChip 26,621,983 510.416 480.202 344.1850 1.48x 1.40x
ASIC_320ks 1,316,085 29155 0.322 0.2846 10.24x 1.13x
ASIC_680ks 1,693,767 2.6196 1.3393 0.9320 2.81x 1.44x
circuitSM_dc 14,865,409 7.5022 1.2420 1.0230 6.04x 1.21x
transient 961,368 0.5721 0.2710 0.2100 2.69x 1.29x

The “Speedupl” and “Speedup2” show that “Oracle” has a performance
improvement potential of 1.03x-10.24x and 1.13x-4.25x, respectively,
compared to GEMM and SpMM.

L

SpMM
Based on the column principal order
structure in supernodal LU factorization,

we choose dense matrix*CSC as
SpMM method.

« Oracle

Oracle 1s selecting the optimal case
of SpMM and GEMM at each matrix
multiplication.

Which method is

GEMM ? SpMM ?

Can a single threshold (density, matrix
size, etc.) determine the optimal method?




03 Density-aware matrix multiplication

Is it possible to select GEMM or SpMM based on the matrix density?

’%?6 e GEMM , 6f ® GEMM , ot ® x : Density of Land U
= | e SpMM o= e SpMM o= POk block
54 ‘?'. 4 ‘ o 5 . .
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0.0 0.2 04 0.6 038 1.0 0.2 0.4 06 0.8 red : GEMM
(a) circuitbM dc L (b) G3 circuit L )
%6 e GEMM 6f e GEMM Ll
% o SpMM o=? o SpMM o=?
Sl 4 : It 1s difficult to define the
=1 = BERE selection of SpMM and
Be : 2 m A GEMM by the density al
Wt . : R, y the density alone.
ig i"ﬁiﬂlil%ﬁflulﬂ'nlﬂz I K il gL
070 0.2 04 06 038 10 0 0.2 0.4 0.6
Density Density
(c) circuit5M _dc U (d) G3_circuit_U




03 Density-aware matrix multiplication

Is it possible to select GEMM or SpMM based on the matrix size?

log10 (M*k*n)
(c) circuitb5M_dc

5 5 :
D | e GEMM 5 ~73 ® x : Size of L and U block
54 10 =7. 4 o
< | © SPMM : ® y . Computation time
—3 l .3
3 . | ( logio )
Ez e ::{3.'-' 1. ( green : SpMM ;
E i nnll‘.;ii&ﬁ'?}i ' als red : GEMM )
~o 2 1 & 8 10 10
(a) ASIC_320k

5 5 : :
% | e GEMM g ~0 2 e GEMM G~ ? There exists a definite
S 4 10 =9.2 .| 4 S A :
= | © >SpMM ! . old o on some matrices,
=3 ot 3 :
82 | E et To select between GEMM matrices do not have
Py L LA ? i or SpMM, we require threshold
El t | Mo that s transient).

0 2 4 6 8 10 1200

combines multiple features.




04 Machine learning driven adaptive acceleration

We need a suitable method to select the better matrix multiplication algorithm for complex and variable matrices.

Single thresho'(« determination?

We require
select the optimal algorithm.




04 Machine learning driven adaptive acceleration

We need a suitable method to select the better matrix multiplication algorithm for complex and variable matrices.

Machine learning classification algorithm?

to construct a dataset and train the model to select the better
algorithm.




04 Machine learning driven adaptive acceleration

We select the random forest algorithm as machine learning classification algonthm

2) Model Training 4) Peform SpMM

- . =
L : u
s =
L "o
'k v v v '
. ’ Trammg subset ‘ ’ Traini ng subset ’ Traini ng subset ‘ =
n "o
[] "o

. - Convertthe U |2
: CARTL CART-2 SSART 1 . matrix to CSC |2
. ) format .
: g | B M|
E Class B Class A oo Class A Model . .
g [EesssssssssssEssEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEER red|ct|on
Algorlthm e Malorlty vote 4—‘
erformance "

° :

[ []

Random forest . .

: {: :
i f == | GEMM |

-- | — .

GEMM performance SpMM performance 3) Model Predicting 4) Peform GEMM

X oty

The random forest algorithm has the advantages of being able to handle higher dimensional data, high generalisation
ability of the model, can balance the errors, and the training can be easy to parallelize, etc., so it's a better choice.

e




04 Machine learning driven adaptive acceleration

» Dataset Source: The large-scale circuit matrices in SuiteSparse and exported by SuperLU DIST 8.0.0.

* Samples in the dataset: Each sample contains 15 matrix features (F1-F15) and a label P, where P=1

indicates that using GEMM is better than that of SpMM, and P=0 is vice versa.

* Data preprocessing:
e Z-score normalization
* Sample equalization

* Number of samples in the dataset :

Dataset GEMM  SpMM

Total sample set(D1) 456,000 383,000
Training set (D2) 150,000 150,000
Testing set(D3) 306000 233000

k=3

0 0 0
m=4<

3 0 0
A ﬁ

n=2

NI

2

0

0

3

1

0

avg_rowA=1 avg_rowB=1
avg_colA=1.33 avg_colB=1.50

stand_colA=0.57 stand_colB=0.71

A [2]o[1]o[o]o][3]o0]0]0[5]|0]| nnz_A=4

i v
Width_A=11

B [2/o]|o]38]1]0] nnz_B=3

Width_B=5

An example of 15 matirx features (F1-F15).




05 Experimental results

Experimental platform : 2 * Intel Xeon Silver 4210 CPU @ 2.20GHz, 512GB DDR4

Predicted Label

301,746

229,818

0 1
Actual Label

175000

150000

125000

100000

- 75000

- 50000

25000

0

(a) Confusion matrix

sajdwes Jo JaquinN

98.7%
98.6% 1
98.5%1
98.4%
98.3% 1
98.2%
98.1%
98.0% 1
97.9%1
97.8%

97.7% -
ACC PPV TPR F1l-score

(b) Performance of the binary
classifiers

We tested the model based on the
training set against the test set in
the sample set, and the confusion
matrix and correlation

performance were excellent.

ACC, PPV, TPR and F1-score are
all exceed 90%.




05 Experimental results

Performance evaluation on circuit matrices.

Matrix multiplication time (s) Numeric factorization time (s)
clreuit matrix nnz GEMM  SpMM  Oracle Al Al szegjélll\)/[M) ( AIS\I/):eS(;li\I/)IM) SuperLU  Our work | Speedup
ASIC_320k 1,931,828 3.5809 0.4543 0.3653  0.5045 7.10x 0.90x 7.5201 4.5770 1.64x
ASIC_320ks 1,316,085 2.9155 0.3223 0.2846  0.3117 9.35x 1.03x 6.0602 3.5947 1.69x
ASIC_680ks 1,693,767 2.6196 1.3393 0.9323  1.0085 2.60x 1.33x 5.3502 3.8139 1.40x
circuitSM_dc | 14,865,409 7.5022 1.2418 1.0231  2.0084 6.04x 0.62x 19.2301 14.5605 1.32x

pre2 5,834,044 57.2954 10.9046  7.2531 8.1021 7.07x 1.35x 103.5721 58.7290 1.76x
transient 961,368 0.5721 0.2709  0.2121  0.2532 2.26x 1.07x 1.7202 1.4517 1.18x
Average - - - - - 5.35x 1.05x - - 1.50x
Performance evaluation on non-circuit matrices.

Matrix multiplication time (s) Numeric factorization time (s)

QGG A nnz GEMM SpMM Oracle Al Al svzegjg&M) ( AIS\E):%?;\F/)IM) SuperLU  Our work  |Speedup
sinc12 283,992 | 9.7211 2.7060 2.0120 2.2491 4.32x 1.20x 14.7541 7.4277 2.04x
psmigr_3 543,160 | 16.3840  7.8951 5.8241 6.2611 2.62x 1.26x 28.4921 19.8387 1.54x
psmigr_2 540,022 | 30.8151 12.0731 8.6251 9.1721 3.36x 1.32x 45.9061 24.5057 2.08x
epb2 175,027 | 0.1291 0.10021  0.05631 0.07621 1.69x 1.31x 0.4351 0.3937 1.08x
benzene 242,669 8.1778 9.6211 6.2315 7.2724 1.13x 1.32x 17.6351 16.9551 1.04x
Average - - - - - 2.62x 1.28x - - 1.55x

|

A\/

Q

It can be seen that there are different degrees of acceleration on the non-regular

matrices.

Among the six circuit matrices.

In the matrix multiplication phase, our
work has a maximum of 9.35x and an
average of 5.35x acceleration.

In the numeric factorization phase, our
work has a maximum of 1.76x and an

average of 1.50x acceleration.

Among the five non-circuit matrices.

In the matrix multiplication phase,
our work has a maximum of 4.32x and
an average of 2.63x acceleration.

In the numeric factorization phase, our
work has a maximum of 2.08x and an

average of 1.55x acceleration.




06 Conclusions

We propose a density-aware sparse LU factorization acceleration method, leveraging

sparse matrix multiplication in the large amount of Schur-complement updates.

Sampling method based on the sample proportion of the unit matrix in total dataset

improves the inference accuracy and model generality.

Our method shows an average 5.35% (maximum 9.35 %) speedup on 6 benchmark circuit

matrice and an average 2.62 X (maximum 4.32 %) speedup on 5 non-circuit matrices.
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